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Abstract

We describetwo market-inspired approachego
propositional satisfiability Whereasa previous
market-inspiredapproactexhibitedextremelyslow

performancewe find thatvariationson the pricing
methodwith a simplified market structurecanim-

prove performancesignificantly We comparethe
performanceof the new protocolswith the previ-

ousmarketprotocolandwith the distributedbreak-
out algorithmon benchmark3-SAT problems.We
identify a tradeof betweenperformanceand eco-
nomic realismin the new market protocols, and
a tradeof betweenperformanceandthe degreeof

decentralizatiobetweernthe nev market protocols
anddistributedbrealout. We alsoconductinformal

and experimentalanalysego gain insightinto the
operationof price-guidedsearch.

1 Intr oduction

Agentsmustoften engagen actiities with comple, inter-
relateddependenciesEven finding a satisficingsolutionfor
problemssuchas resourceallocation, scheduling,and pro-
ductionin a supply chainis often intractablefor a central
problemsolver with global knowledge. The problemis fur-
ther complicatedwhen decentralizatiorconstraintssuch as
locality of interest,knowledge,communicationand author
ity mustberespected.
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Yokoo and Hirayama[200d, [Yokoo, 2004 formalize
such problems as distributed constraint satishction prob-
lems (DisCSPs)and, with others, have designeda variety
of effective algorithms. Theseapproacheare generallydis-
tributedadaptationsf centralizedalgorithms.Receninterest
in market-basedapproacheso distributed decisionmaking,
and openquestionsaboutthe computationalpower of mar
kets[Shohamand Tennenholtzto appeal, promptedwalsh
and Wellman [2000 to apply a market-basedsupply chain
formation protocol [Walsh and Wellman, 1999 to a 3-SAT
reductionof thesupplychainformationproblem,anapproach
they called MarketSAT. They found that, althoughmarket
pricescanguidedecentralizedearchthe approachwvasim-
practicallyslow.

In this paperwe presentlternate simplermarket-inspired
approachethatprovide moresatishctoryperformancewhile
respectingvell-defineddecentralizatioonstraints\We eval-
uatethe protocolson benchmarkpropositionalsatisfiability
(SAT) problems.As the fundamentaNP-completeoroblem,
formally equivalentto a large classof combinatorialprob-
lems,SAT senesasa convenientproblemclasson which to
systematicallyevaluateour protocols.

In Section2 we introducetwo new MarketSAT protocols
with qualitatively differentpricing mechanismsln Section3
we provide an economicinterpretationof the protocolsand
discusgherationality of theassume@gentbehaior. In Sec-
tion 4 we corvey our understandingf price-guidedsearch
andin Section5 we show thatthe protocolsareincomplete.
In Section6 we comparethe performanceof the new pro-



tocolswith the original MarketSAT andwith the distributed
brealout (DB) algorithm [Yokoo andHirayama,1994. We
alsoperformfurther experimentgo explain the operationof
the protocols. In Section7 we comparethe decentralization
of the MarketSAT protocolsrelative to distributedbrealout.
We concludein Section8.

2 Mark etSAT Protocols

Following the notation of Walsh and Wellman [200d, we
considerpropositionalsatisfiability problemswith variables
U and clausesQ, eachcontainingsetsof literals over U
in conjunctive normal form (CNF). A clauseis satisfiedif
at leastoneliteral in the clauseevaluatesto T. The prob-
lem is to determinewhetherthereexists a truth assignment
t : U — {T,F} thatsatisfieseachq € Q.

A variableu fails to satisfya clauseq undertruth assign-
mentt iff either: (1) t(u)=T, u¢ q, andu € q, or, (2)
t(u)=F, u¢ g, andu € g. A MarketSAI economyconsistof
agentsrepresenting/ariableassignmentanda setof goods
specifyinglicensesto fail to satisfy clauses.Agentschoose
assignmentgor their correspondingrariables,but mustac-
quire the necessanylicensesfor their chosentruth assign-
ments. Clearly, g € Q is satisfiedundert iff at most|q| — 1
variablesin g fail to satisfyq. Hence,we make available
|g| — 1 suchlicensest It follows thata problemis satisfiable
iff all agentscanchooseassignmentsuchthatthey canob-
tainall necessarjicensego supporttheir assignments.

Obsene that our notion of failing to satisfy a clauseis
equivalentto the notion of a nogoodin CSPswhichin SAT
is justanegatedclause MarketSAT couldbeappliedto more
generalCSPsby specifyingthelicensego correspondo no-
goodswith |g| — 1 licensesavailablefor eachnogoodof size
C[p
In aMarketSAT protocol,theagentssearctfor a satisfying
solutionin a decentralizedashionby negotiatingto acquire
thelicenses.A market protocolconsistsof anauctionmech-
anismand agentbidding policies. The negotiationfor each
licensetypeis mediatedby a separateuction. Althoughthe
two new MarketSAT protocolsdiffer in theauctionrulesand
bidding policies,they sharecommonhigh-level features.A
MarketSAT protocoliterateshroughthefollowing steps:

1. Agents selecttentatize truth assignmentsand submit
bids to a subsetof the auctionscorrespondingo their
chosertruth assignments.

2. Auctionssendprice quote messageto the agentsndi-
catingthe currentgoing pricesof thelicenses.

The protocolcontinuesuntil quiescencea statein which no
agentchoosego updateary of its bidsor the auctionstermi-
natenegotiationaccordingo certainprotocol-specificondi-
tions. Theauctionsallocatetheirrespectie licensego agents
when quiescencas reached. For our empirical studieswe
assumesynchronousgnstantaneousommunication Nothing

1in the original MarketSAT implementation[Walsh and Well-
man, 2004, we useda reductionfrom 3-SAT andmade2 units of
eachlicenseavailable. The existenceof |g| — 1 licensedor aclause
of size|q| is a straightforvardgeneralization.

in our protocolsrequiressynchroty, but this allows usto fix
certainparameterdocusingour studies.

Thepresenmarketstructureis a simplificationof theorig-
inal MarketSAT economy{WalshandWellman,2004 based
on a supply chain formation model [Walsh and Wellman,
1999. In theoriginal economytherewasa separatagentfor
positive and negative assignment®f variables. An auction
for eachvariablemediatedthe negotiationof the assignment
agentgo provide anassignmenfor the respectie variables.
An endconsumelbid to acquirean assignmento eachvari-
able.Experimentshaow thatthenew protocolsperformmuch
fasterwith the new structure(Section6).

In thefollowing sectionsve describehedetailsof two new
variantsof MarketSAT.

2.1 Uniform Pricing

We describea MarketSAT protocol with uniform pricing
(MS-U) basedon the original MarketSAT protocol (MS-0O),
but adaptedo the presentsimplified structure. An auction
allows anagentto placea bid to buy a licenseat a specified
price. An agentmay updateits bid only if it increasegdhe
priceof thebid by atleastsomepublicly known incremen®.
Agentsmay not withdraw bids.

Givenasetof buy bidsand|g| — 1 unitsof licenseg avail-
able (for the right to fail to satisfy a clauseq), an auction
reportsa price quotecomprisedtwo parts: 1) the bid price,
B(g), is the (|q|)th highestprice of all bids, and 2) the ask
price, a(g), is the (]g| — 1)sthighestpriceof all bids. If there
are fewer than |g| — 1 bids in the auction, the bid and ask
pricesarezero.|f thereare|g| — 1 bidsin theauction,the bid
priceis zeroandthe askprice equalsthe price of the lowest
bid. Thebid price specifieghe pricethatthewinning bidders
would payif the auctionstoppedn the currentstateandthe
askprice specifieshow muchalosingagentmustbid in order
to be a winning bidder The price quotealsoindicatesto a
bidderwhetherits bid is oneof the |g| — 1 highest(winning)
bids. In quiescencean auctionallocatesits units of license
g accordingto the (M+1)st price auctionrules [Wurmanet
al., 1998§—theagentswith the |g| — 1 highestbidswin g and
payB(g). For the price quotesandfinal allocation,the auc-
tion breakdiesin favor of earlierrecevedbids,andrandomly
betweersimultaneouslyecevedbids.

An agentrandomlychooseghe initial assignmenfor its
variable and placesbids at price zero for the necessary
licenses. When it subsequentlyreceives price quotes, it
choosesan assignmenthat minimizesits assignmentost,
definedfor an assignmenasthe maximumof the sumof its
currentperceived costsfor the licensesneededfor that as-
signment,andthe previously computedassignmentost. In
the caseof ties, the agentkeepsits currentassignment.An
agents perceved costfor licenseg is B(g) if it is winning,
a(g) if it hasnotsubmitteda bid, a(g) if it is bothlosingand
a(g) > B(g), anda(g)+ o 1if it is bothlosinganda(g) = 3(9).

After anagentchoosests assignmentit incrementshy &
ary losingbid it hassentto the auction,if it needghelicense
for its chosenassignment.If it hasnt submitteda bid for
someneededicense,it submitsa bid at price zero. An agent
doesnot updateits bidsif it is winning all the licensesnec-
essaryfor its currentassignmentObsere thatif the market



reachegjuiescencén this way, thenthe agents’local assign-
mentsconstitutea globally satisfyingassignment.

2.2 Differential Pricing

In this sectionwe describea MarketSAT protocolwith differ-
ential pricing (MS-D). An auctionallows anagentto placea
bid to demandeither eitherzeroor one units of the license,
without specifyinga price. Agentsmay switch betweerzero
andonequantitydemandsvithout constraint.

An auctionmay reportdifferentprice quotesto eachbid-
der, dependingon the demandfor the license. An auction
maintainsa nondecreasingremium price for its license. If
the auctionhas|qg| — 1 units of the licenseavailable,andthe
total demandexpressedy the bidsis d, thenthe auctionre-
portsprice quotesasfollows:

e If d <|g| — 1, thenthe auctionreportsa price of zeroto
all bidders.

e If d=|g| — 1, thentheauctionreportsa price of zeroto
all bidderswith demandf one,andreportsthe premium
priceto thesinglebidderwith demandf zero.

e If d > |g| — 1, thentheauctionincreaseshe premiumby
one,reportsthe premiumprice to onerandomlychosen
bidderwith ademancdf one,andreportsa price of zero
to all otherbidderswith demandbf one.

In quiescencef d > |g| — 1, thenthe auctionrandomlyallo-
catesthe licenseto |g| — 1 agentsthat bid with demandone
for the license,otherwiseit allocatesa licenseto eachof the
currentbidderswith demandone. Eachagentthat receves
a licensepaysaccordingthe price specifiedin the last price
guoteit receved.

An agentrandomlychooseghe initial assignmenfor its
variable. When it subsequentlyreceves price quotes, it
choosesan assignmenthat minimizesthe sumof the prices
of licensesasreportedby thelastprice quote with preference
for its currentassignmentvhenthe costsareequal.Whenan
agentis in its initial state,or whenit flips its assignmentit
placesbids of quantity onefor all licensesit needsfor the
assignmenandplacesbids for quantityzerofor all licenses
necessaryor the oppositeassignmentWhenan agentdoes
not flip its assignmentit resubmitsary bid neededor that
assignmenandfor whichiit receveda premiumprice quote.
If anagentdoesnotflip its assignmenandif recevedazero
price quotefor all its bidsfor the assignmentthe agentdoes
notupdateary of its bids. Obsenre thatif the marketreaches
guiescencen this way, then the agents’local assignments
constitutea globally satisfyingassignment.Furthermorejn
this caseevery agentpayszerofor thelicensest receves.

3 Economiclnter pretation and Rational
Behavior

The interpretationof the market-inspiredprotocolsin eco-
nomictermsrequiresamodelof agentvaluesundemwhichthe
assumedehaior would be plausiblyrational. For anagent
a to be willing to participatein theseprotocols,and hence
be willing to pay money for their allocations,it mustobtain
someindividual valuev, from participatingn asatisfyingso-
lution. An agentbtainsno valueif it doesnotparticipaten a

Initialize the weightof all nogoodgo 1
UNTIL currentstateis solutionDO
IF currentstateis notalocal minimum
THEN make ary local changehatreduces
thetotal weightsof violatednogoods
ELSEincreaseneightsof all currently
violatednogoods
END

Figurel: Thebrealoutalgorithm[Morris, 1993].

satisfyingsolution. An agentwishesto maximizeits surplus
value,whichis thedifferencebetweerthevalueit obtainsand
thetotal priceit paysfor thelicensest acquires.

In both protocols,the bidding policiesarenon-stratgic in
that agentsdo not accountfor the behavior of otheragents.
This assumptionmay be reasonablen large networks for
whichagentshavelittle informationaboutotheragentprefer
encesandbehavior.

The bidding policiesaremyopic andbest-responsia that
agentsalwaysbid to optimizetheir surplusgiventhe current
price quoteswithout speculatingaboutfuture price changes.
The plausibility of this approactdependsn how accurately
the price quotesindicatethe pricesagentsmay actuallyhave
to pay for their final allocations. For both protocols, the
price quotesindicatewhat the agentswould pay if the bid-
ding stoppedn thecurrentstate.

However, the protocolsdiffer significantly in how price
quotessignal future price movements. In MS-U, the non-
decreasingricequotesindicatelower boundson theamount
thatagentswould have to pay, providing a basisfor agents’
belief in the price quotes. Sincepricesdo not decreasewe
would also expectthat, in additionto the agentquiescence
conditionspecifiedn Section2.1,arationalagentwould stop
biddingwhenthetotal costof anassignmenéxceedsys,.

In MS-D, agentsactually pay nothing for a globally sat-
isfying allocation,andwould have positive paymentsonly if
the protocol were to terminatewith an unsatisfyingalloca-
tion. Thus,unlikein MS-U, we would expectrationalagents
to stopbidding only whenthey reacha satisfyingallocation
(asspecifiedin Section2.2). But this callsinto questionthe
usefulnes®f the price quotesasmeaningfulfuture pricein-
dicators.Thebiddingpoliciesin MS-D would be moreplau-
sibly rationalif the agentshada reasonabl@&xpectationthat
the protocol could terminateat ary time, for instanceif the
auctionsterminatednegotiationsbasedon a randomsignal.
Indeed,sucha mechanisnmay be usefulbothto encourage
desirablebehaior andto boundthelengthof negotiations.

4 Price-Guided Search

Intuitively, marlket pricesindicatethe relative global value of
licensesandagentsusethe pricesto guidetheir local deci-
sions.Thebiddingprocessanbeseerasadistributedsearch
for pricesthatsupporta satisfyingallocation. In the Market-
SAT protocols, pricesare closely analogougo the weights
of nogoodg(which correspondexactly to failing to satisfya
clause)in the brealout algorithm[Morris, 1993, presented
in Figurel. In brealout, weightsarea measuref how often



thenogoodsappeaiin local minimavisitedby thealgorithm.
Theweightsthusbiasthe searchaway from local minima.

In contrastto brealout, which increaseghe costsof no-
goodsonly whentheglobalstateis alocalminimum,theMar-
ketSAT protocolsincreasethe pricesof licensesin response
to local state. The price of a licenseincreaseshenever the
correspondinglauseis not satisfiedfor the currentassign-
ment, which cananddoesoccuroutsideof local minima of
theglobalstate.

The brealout algorithmsequentiallyflips variableassign-
mentsto reducethe global weight of the violated nogoods.
Thenogoodweightsarecountedonly for clauseghatarenot
satisfied.In MS-U, becauséids cannotbe withdrawn, once
a licensehasan excessdemand,it will alwayshave excess
demandgevenif the currentchoicesof variableassignments
would indicate that the clauseis currently satisfied. Thus
the pricesnever decreasexnd agentsattribute a costto a li-
censeevenif the clauseis satisfied.In contrastjn MS-D an
agentwill only attribute a positive costto a licenseif either
thelicenseis overdemandedr if flipping its own assignment
would make the licenseoverdemandedassumingno other
agentwould alsoflip). In this sensethe costevaluationin
MS-D is closerto the brealoutalgorithmthanin MS-U.

In brealout, currentnogoodcostsare evaluateduniformly
for all variables. In MS-U, an agentdistinguishests cost
evaluationdependingon whetherit is winning or losingand
assumeshat its total costover all licensesnever decreases.
This differencein perceved pricesgives extra “friction” to
the currently winning agentsbecausethey assumelower
costs,henceare somavhat lesslikely to swap assignments.
However, this friction is relatively small becauseagentsin-
creaseheirbidsby d only whenthey arelosing,hencethebid
andaskpricesnever differ by morethand. In MS-D, agents
canattribute widely varying coststo a license,with at most
oneagentattributing the premiumcostandothersattributing
azerocost.

Unlike brealout, variablescanflip simultaneouslyin the
MarketSAT protocols. This could be beneficialto perfor
mancewhenagentoperatdn parallel,if theright flips occur
simultaneouslyYokoo andHirayama[199€ obsenedthatit
could be detrimentalif neighborvariables—thos¢hatshare
aclause—flipsimultaneouslyandthusincorporatedgynchro-
nizing stepsinto DB to preventsimultaneouseighborflips.

Of particularconcernaresimultaneous satisfying neigh-
bor flips—neighbors simultaneouslyflipping to satisfy a
clause(e.g., variablesx andy simultaneouslyflipping to T
to satisfy clause(xVy)) which we expectto be prevalent
in the MarketSAT protocols. When neighborvariablessi-
multaneouslyflip to satisfy the sameclause,other clauses
may becomeneedlesslynsatisfied Unlike DB, the Market-
SAT protocolshave no explicit mechanisnto preventsimul-
taneoumeighborflips, yet we expectthe differentprotocols
to differ in the numberof simultaneoussatisfyingneighbor
flips. In MS-U, becausehe bid/askspreadon ary license
is small, agentsthat desirecommonlicensesare likely to
have similar total cost evaluations. Hence,when the price
of a sharedicenseincreasesthey may be likely to simulta-
neouslyflip to satisfythe clause.In MS-D, becausegents
canattribute widely varying coststo licensesthe costeval-

uationsof neighboragentsarelesslikely to be closethanin
MS-U. We expectthis would reducethe numberof simulta-
neous satisfyingneighborflips.

5 Completeness

We canshaow that MS-U is incompleteusinga closevariant
of theexamplethatMorris [1993 usedto shaw thatthe (cen-
tralized)brealout algorithmis incomplete. We assumesyn-
chrory, notingthatthisimpliesthe samefor anasynchronous
system.TheCNF clauseare: (X\Vy), (xVz), (xVw), (YVX),
(YV2), (yvw), (ZVX), (ZVYy), (ZVW), (WVX), (WVY),
(WV z). Obsene thatthe only solutionfor the problemas-
signsall variablesT or all variablesF. Considerthe case
whentheinitial randomassignmentaret(x) =t(z) =T and
t(y) =t(w) = F. Assumethattherandomtie breakingoccurs
asfollows in thefirst round: x wins (X\Vy), y wins (zVy), z
wins (zVw), andw wins (xVVw). Assumethatthe random
tie breakingoccursas follows in the secondround: y wins
(YVX), xwins (WV x), zwins (YV z), andw wins (zvw). In
all subsequentounds,auctiontie breakingis deterministic.
Throughout,all agentsflip simultaneouslyhencethe proto-
col oscillatesindefinitely.

With the sameSAT instancewe usedto shav incomplete-
nessof MS-U (but with differentinitial assignmentsandtie
breakings)our simulationresultsstrongly suggesto usthat
MS-Ois notguaranteedo cornvergeto a solution.We refrain
from describinga trace of a non-comwering run dueto the
greatercompleity of theagentinteractionsn MS-O.

We canalsoshow thatMS-D is incompleteusingMoris’s
exactexample. The CNF clausesre: (xVyV zVw), (xVY),
(XV2), (xvw), (yVx), (yV2), (yVW), (ZVx), (zVy), (ZVW),
(WVX), (WVy), (WVz). Obsene thatthe only solutionas-
signsall variablesT . Considertheinitial randomassignment
t, suchthatt(x) = T andall othervariablesareF. The pre-
mium increasesn eachof the unsatisfiectlausessolong as
they remainunsatisfied put the choiceof which variablein
the clausegpaysthe premiumis choserrandomly With pos-
itive probability, x canalwaysbethe only variablechoserto
paythepremium,in which caseit will flip indefinitelyandno
othervariableswill flip.

If thebrealoutalgorithmreachedruth assignment asde-
scribedin the preceding,it cannotcorverge to the satisfy-
ing truth assignmeniMorris, 1993. But becauséviS-D has
variable-specifigricing, it doesnot necessarilynake a flip
whenit would bea globalimprovementwhich candelayun-
desirabldlips. In fact,MS-D canalwayscorverge,with pos-
itive probability, to somesatisfyingtruth assignment*. With
positive probability, anauctionfor alicensecorrespondingo
anunsatisfiectlausewill alwaysreportthe premiumpriceto
somevariablex suchthatt(x) # t*. But thenthe protocol
would clearly corverge to t*. We do not know if a similar
resultholdsfor MS-U.

6 Experiments

We comparedthe MarketSAT protocols with MS-O and
DB usingsatisfiable(unforced,filtered) uniform random3-
SAT problemsat the phasetransition(betweed.26 and4.3



clause/ariableratio) from the SATLIB benchmarKibrary?.
Thisis generallyconsideredhe hardestlassof 3-SAT prob-
lemsto solve [Cheesemantal., 1991;Mitchell etal., 1994
and has beenusedwidely to benchmarkSAT algorithms.
Note that, to generatehard satisfiableproblemsi,it is impor-
tantto generat@roblemgsandomlyandfilter theunsatisfiable
instancesForcingthe problemsto satisfya particularassign-
mentmakesthemmucheasiefAchlioptasetal., 2004.

To boundthe computationatime, for a probleminstance
of n variables,we ran a protocolfor at most100(h rounds.
For MarketSAT, aroundis asynchronousiddinground,and
for DB, aroundcorrespond$o acycle asdescribedy Yokoo
andHirayama199€. Agentsparticipateuntil they reachqui-
escencgwith a satisfyingsolution), or until the maximum
roundsis reached. We recognizethat the artificial limit on
the bidding roundsreducesthe plausibility that agentsmay
usethe specifiedbidding policies (seeSection3), but chose
this approacho consistently}comparehe performancef the
protocols. We comparedtheseprotocolsin terms of bid-
ding roundswhichis the bestmeasuref performancevhen
agentsoperatein parallel. The performancds summarized
in Table 1. Comparingthe protocolsfrom top to bottom,
eachsubsequentrotocolimprovesby aboutafactorof two to

sevencomparedo thepreviousonall performanceneasures.

Success Average Median c

n Ratio Rounds Rounds Rounds
Protocol:MS-O

50 0.40 390x 10" 500x10* 181x10°
Protocol:MS-U

50 096 6.12x10° 151x10° 1.15x 10

75 0.75 2.75x10* 1.08x10* 3.03x10*

100 0.53 6.10x10* 821x10* 4.16x10*
Protocol:MS-D

50 1.00 896 250 3.52x10°

75 0.98 3.98x10° 429 1.17x10

100 0.96 1.04x10* 1.50x10° 2.34x10*

125 0.85 2.74x10* 3.65x10° 4.45x10*

150 0.85 3.69x10* 594x10° 545x10*

175 0.83 537x10* 1.63x10* 6.68x 10*

Protocol:DB

50 1.00 234 64.5 829

75 0.99 214x10° 299 9.40x10°

100 0.98 4.26x10° 460 1.61x10°

125 0.96 9.12x10° 1.42x10° 2.63x10*

150 0.93 1.80x10* 1.22x10° 4.24x10*

175 0.88 298x10* 283x10° 581x10*

Tablel: Performancef protocolswith n variables.

We attemptedo determinethe causef differing perfor
manceof the protocols. We believe thatthe improvementof
MS-U over MS-O is dueto the simplified network structure,
sinceMS-U is otherwiseessentiallythe sameasMS-O. One

2http://aida.intellektik.informatik.
t u- dar nst adt . de/ SATLI B/ benchm ht i

plausibleconjecturefor the differencebetweenMS-U, MS-
D, and DB is differing numbersof simultaneoussatisfying
neighborflips. We predictthat an orderingof the protocols
by increasingsimultaneoussatisfying neighborflips would
bethesameasby increasingperformance.

To testthis conjecturewe measuredhe simultaneoussat-
isfying neighborflips in bothMS-D andMS-U. Also, recog-
nizing thatthe MarketSAT protocolsaremuchlike brealout,
but with simultaneouslips, we modifiedthe brealout algo-
rithm to allow simultaneoudlips (with somead hoc param-
etersto control the numberof simultaneoudlips andsimul-
taneoussatisfyingneighborflips). To gaininsightaboutthe
effectsof simultaneoussatisfyingneighborflips, we tested
brealout with simultaneoudlips (SFB) with varying frac-
tions of suchneighborflips. We alsovaried the numberof
genericsimultaneoudlips to help distinguishtheir contribu-
tion to performancdrom neighborflips.

Flips  Neighbor

PerFlip Flips

Protocol Rounds Flips Round Ratio
MS-U 6.12x10° 1.02x 10 221 0.33
MS-D 896 473 2.02 0.23
DB 234 218 141 0
SFB 483 329 1.00 0
403 374 1.66 0
494 390 1.42 0.02
474 413 1.53 0.10
483 432 1.65 0.13
410 340 1.66 0.23
408 468 1.99 0.37

Table2: Comparisorof simultaneoussatisfyingflips for 50-
variableproblems.

Table 2 shows the averagenumberof flips, flips per flip
round (flips perroundin which aflip actuallyoccurred)and
averageractionof simultaneoussatisfyingneighborflips for
MS-U, MS-D, DB, and SFB. As expected,MS-U performs
substantiallymoresimultaneoussatisfyingneighborflips ab-
solutely andasa fraction of the total flips thandoesMS-D.
However, the resultsfrom SFBdo not supportthe conjecture
that the neighborflips contribute significantlyto the perfor
mancedifference.The performanceof SFB doesnot appear
to besensitveto, or evenmonotonicn, thefractionof simul-
taneoussatisfyingneighborflips.

Table 2 suggestsan alternateexplanationof the perfor
mancedifferencebetweenDB and MS-D. For 50-variable
problems,MS-D requiresnearly 3.8 times as mary rounds
asDB, but only 2.2 timesasmary flips. We alsomeasured
thenumberof roundsin which MS-D andDB performedlips
andfound foundthat, in fact, the averagenumberof rounds
in which variablesactuallyflip in MS-D is 316, only 35% of
the averagetotal rounds. The averagenumberof roundsin
which DB performedaflip is 73%o0f its averagetotal rounds.
Thusit seemghatthe poorperformancef MS-D relative to
DB is dueto theextraroundsto requiredto produceflips.

We conjecturghattheseextraroundsin MS-D happerbe-



causeauctionsrandomlyreassigrthe premiumprice at each
round. Thusthe agents’costsfluctuaterandomly anddo not
directly progressevery time the premiumincreases.To ver-
ify this conjecture we testeda variation of MS-D whereby
pricingis reportedasthe premiumandafractionb of thepre-
mium (ratherthanthe premiumor zeroasin MS-D). With
a positive b, an agents costswould not fluctuateso hear-
ily from randomassignmentsf the premiumcost. We tried
b = 0.1 on 50-variableproblemsand found that it required
only 509 rounds, 462 flips, and 231 flip rounds. The ratio
of roundsto flip roundsis only 2.2 with b= 0.1, comparedo
2.8 for MS-D. Furthermorealthoughthevariantwith b= 0.1
outperformedViS-D, the fraction of satisfyingneighborflips
was 0.43—significantlymore thanin MS-D. This evidence
suggestghat differencein performancebetweenMS-D and
DB is largely dueto theextraroundsrequiredto producelips
in MS-D, ratherthansimultaneoussatisfyingneighborflips.

Appealingto extra, non-flippingroundsdoesnot seemto
explain the relative performancedifferencebetweenMS-U
andMS-D, astheratio of roundsto flip roundsis only 1.3for
MS-U, significantly lessthanin MS-D. An alternateexpla-
nationwe proposeis thatthe relatively poor performanceof
MS-U is dueto thefactthatcostscontinueto beattributedto a
licensewhenits respectre clausebecomesatisfied notethat
pricesareincreasedonly for unsatisfiedclauseshough). If
thepricesdo notdistinguishbetweersatisfiedandunsatisfied
clausesjt would seemthat MS-U pricing may not provide
a effective indicationof the relative difficulty of satisfyinga
clause.In contrastyecallthat,in MS-D, whena clauseis sat-
isfied, the agentscurrentlydemandinghe associatedicense
receve price quotesof zero. Brealout attributesno costto
satisfiedclauses.To testwhetherattributing coststo satisfied
clausescan be detrimental,we modified the brealout algo-
rithm so thatit doesjust that and found that the algorithm
rarelyfoundsatisfyingassignmentsOf courseMS-U did not
performthis poorly, but it doesdiffer from brealoutin other
ways, asdescribedn Section4. Still, our testsuggestshat
we have identified a significantcauseof the relatively poor
performancef MS-U.

7 Discussionof Decentralization

The MarketSAT protocolsare highly decentralizedn the
sensethat agentsneedonly know aboutand communicate
with auctionsfor their own licenses(which in turn requires
knowledgeabouttheclausesn whichthey arecontainedand
auctionsneedonly communicatewith the agentsthat partic-
ipatein them. Agentsneednot communicatewith, or even
know the existenceof other variables. Similarly, auctions
neednotcommunicatevith eachother In DB, anagentmust
know in which clausests variableis containecandmustalso
communicatewvith all variablesin thoseclausesMarketSAT
canoperatefully asynchronouslyln DB, variablessynchro-
nizewith their neighborgo detectquasi-locaiminimaandto
ensurghatneighborvariablesdo notflip simultaneously

In their previous work, Walsh and Wellman [2000 sug-
gestedthat the highly decentralizechatureof MS-O neces-
sarily engendergoor performance. However, our experi-
mentswith MS-D suggesthata highly decentralizeanarket-

inspiredprotocol canperformreasonablywell. Indeed,our
experimentswith variantson MS-D suggesthat furtherim-
provementscanbe obtainedwith the samedegreeof decen-
tralization. Still, it is anopenquestionwhetherdecentralized
approachesould performaswell asthe centralizedSAT al-
gorithms. Centralizedalgorithmscanutilize techniquesuch
asrestarts(which contributed significantlyto the succes®of
GSAT [Selmanet al., 1992 and subsequentill-climbing
basedalgorithms)to help reduceheavy tails in the perfor
mancedistribution. We found that restartscan also signifi-
cantlyimprovethe performancef MS-D. For example,with
10n maxflips and1000maxrestartsMS-D cansolveall 175-
variable probleminstanceswithin the bound, with average
rounds2.69 x 10%, medianl.1 x 10% ando = 5.00x 10%. Al-
thoughrestartscould be implementedn a synchronousys-
temwith cooperatingagentst is not obvioushow suchtech-
niguesmight be utilized in a distributed, asynchronousys-
tem. Moreover, we do nothave ary intuition for aneconomic
interpretatiorof restarts.

8 Conclusions

We describedwo market-inspiredprotocolsfor propositional
satisfiabilityandcomparedhemwith thedistributedbrealout
algorithm.We foundthatthe pricing methodcansignificantly
affect the performancewith the differentialpricing protocol
abouta half magnitudebetterthanuniform pricing. However,
the differentialpricing protocolis lessjustifiablein termsof
rationaleconomicagentbehaior. Althoughthe MarketSAT
protocolswe considerperform significantly betterthan the
original MarketSAT, the lessdecentralizedlistributedbreak-
out algorithm still outperformsthe differential pricing Mar-
ketSAI by afactorof threeto four.

An informal analysissuggestshatthe price-guidedsearch
of MarketSAI worksbecausé¢heprotocolsresembleghecen-
tralizedbrealout algorithm. We foundthatthe fraction of si-
multaneoussatisfyingneighborflips doesnotexplain thedif-
ferencein performanceacrossprotocols,but thatthe perfor
manceof MarketSAT with differentialpricing sufferslargely
from the extraroundsneededo produceaflip.

We have identified tradeofs in terms of runtime per
formance,decentralizationand the plausibility of assumed
agentbehaiors. Understandingthesetradeofs is neces-
saryto make informed engineeringdecisionsaboutthe ap-
propriatenesandapplicability of alternatedecentralizedp-
proachedo a particularproblemernvironment.

The market approachasthe benefitof providing a price-
basednterfacefor anagentto evaluateanddirectits beha-
ior in the contet of its broaderdecisionmaking. To better
understandand further develop market approaches$o com-
plex coordinationproblemswe mustexplicitly incorporatea
modelof the agents’economicmotivationsin the context of
the problemto be solved. Futurework shouldalsoincludea
deepemnalysisof rationalagentbehaior.

Acknowledgments

Thebasicideasfor this projectweredevelopedduringa visit
to the University of Michigan by the secondauthor The au-
thorswishto thankNTT andEdmundH. Durfeefor support-



ing thevisit. Thefirst authorwassupportedoy a NASA/JPL
GraduateStudentResearchefellowship.

References

[Achlioptasetal., 2004 Dimitris Achlioptas,CarlaGomes,
Henry Kautz, and Bart Selman. Generatingsatisfiable
probleminstances. In SeventeentiNational Corverence
on Artificial Intelligence page256-2612000.

[Cheesemantal., 1991 PeterCheesemanBob Kanefsky,
andWilliam M. Taylor. Wherethe Reallyhardproblems
are.In TwelfthInternationalJoint Confeenceon Atrtificial
Intelligence pages331-337,1991.

[Mitchell etal., 1993 David Mitchell, Bart Selman, and
Hector Levesque. Hard and easydistributions of SAT
problems. In Tenth National Confeenceon Atrtificial In-
telligence pagesA59-465,1992.

[Morris, 1993 Paul Morris. Thebrealoutmethodfor escap-
ing from local minima. In EleventhNational Confeence
on Aritificial Intelligence pages40-45,1993.

[Selmaretal., 1992 Bart Selman, Hector Levesque, and
David Mitchell. A new methodfor solvinghardsatisfiabil-
ity problems. In Tenth National Confeenceon Atrtificial
Intelligence pagesA40—446,1992.

[ShohamandTennenholtzto appeal Yoar Shoham and
MosheTennenholtz.On rationalcomputabilityandcom-
municationcompleity. Gamesand EconomicBehaviot
to appear

[WalshandWellman,1999 William E. Walsh and
Michael P Wellman. A market protocol for decen-
tralizedtaskallocation.In Third InternationalConfeence
on Multi-Agent Systemspages325-332,1998.

[WalshandWellman,200d William E. Walsh and
Michael P Wellman. MarketSAT: An extremely de-
centralized(but really slow) algorithm for propositional
satisfiability In SeventeenthNational Confeence on
Artificial Intelligence pages303—-309.2000.

[Wurmanetal., 1999 PeterR. Wurman,William E. Walsh,
and Michael P. Wellman. Flexible double auctionsfor
electroniccommerce: Theory and implementation. De-
cision SupportSystems24:17-271998.

[Yokoo andHirayama, 1996 Makoto Yokoo andKatsutoshi
Hirayama.Distributedbrealout algorithmfor solvingdis-
tributedconstraintsatisfictionproblems.In Secondnter-
national Confeenceon Multi-Agent Systemspages401—
408,1996.

[Yokoo andHirayama,200d0 Makoto Yokoo andKatsutoshi
Hirayama. Algorithmsfor distributed constraintsatishc-
tion: A review. AutonomoudAgentsand Multi-AgentSys-
tems 3(2):198-2122000.

[Yokoo,2000 Makoto Yokoo. Distributed Constaint Sat-
isfaction: Foundationof Coopeation in Multi-agent Sys-
tems Springer2000.



