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Abstract

We describetwo market-inspiredapproachesto
propositionalsatisfiability. Whereasa previous
market-inspiredapproachexhibitedextremelyslow
performance,we find thatvariationson thepricing
methodwith a simplified market structurecanim-
prove performancesignificantly. We comparethe
performanceof the new protocolswith the previ-
ousmarketprotocolandwith thedistributedbreak-
out algorithmon benchmark3-SAT problems.We
identify a tradeoff betweenperformanceandeco-
nomic realism in the new market protocols,and
a tradeoff betweenperformanceandthe degreeof
decentralizationbetweenthenew market protocols
anddistributedbreakout.Wealsoconductinformal
andexperimentalanalysesto gain insight into the
operationof price-guidedsearch.

1 Intr oduction

Agentsmustoften engagein activities with complex, inter-
relateddependencies.Evenfinding a satisficingsolutionfor
problemssuchas resourceallocation,scheduling,and pro-
duction in a supply chain is often intractablefor a central
problemsolver with global knowledge. The problemis fur-
ther complicatedwhen decentralizationconstraintssuchas
locality of interest,knowledge,communication,andauthor-
ity mustberespected.

Yokoo and Hirayama [2000], [Yokoo, 2000] formalize
such problemsas distributed constraintsatisfaction prob-
lems (DisCSPs)and, with others,have designeda variety
of effective algorithms.Theseapproachesaregenerallydis-
tributedadaptationsof centralizedalgorithms.Recentinterest
in market-basedapproachesto distributeddecisionmaking,
andopenquestionsaboutthe computationalpower of mar-
kets[ShohamandTennenholtz,to appear], promptedWalsh
and Wellman [2000] to apply a market-basedsupply chain
formationprotocol [Walsh andWellman,1998] to a 3-SAT
reductionof thesupplychainformationproblem,anapproach
they called MarketSAT. They found that, althoughmarket
pricescanguidedecentralizedsearch,the approachwasim-
practicallyslow.

In this paperwe presentalternate,simplermarket-inspired
approachesthatprovidemoresatisfactoryperformance,while
respectingwell-defineddecentralizationconstraints.Weeval-
uatethe protocolson benchmarkpropositionalsatisfiability
(SAT) problems.As thefundamentalNP-completeproblem,
formally equivalent to a large classof combinatorialprob-
lems,SAT servesasa convenientproblemclasson which to
systematicallyevaluateourprotocols.

In Section2 we introducetwo new MarketSAT protocols
with qualitatively differentpricing mechanisms.In Section3
we provide an economicinterpretationof the protocolsand
discusstherationalityof theassumedagentbehavior. In Sec-
tion 4 we convey our understandingof price-guidedsearch
andin Section5 we show that the protocolsareincomplete.
In Section6 we comparethe performanceof the new pro-



tocolswith the original MarketSAT andwith the distributed
break

�
out (DB) algorithm [Yokoo andHirayama,1996]. We

alsoperformfurtherexperimentsto explain the operationof
the protocols. In Section7 we comparethe decentralization
of the MarketSAT protocolsrelative to distributedbreakout.
We concludein Section8.

2 Mark etSAT Protocols
Following the notation of Walsh and Wellman [2000], we
considerpropositionalsatisfiabilityproblemswith variables
U and clausesQ, eachcontainingsets of literals over U
in conjunctive normal form (CNF). A clauseis satisfiedif
at leastone literal in the clauseevaluatesto T. The prob-
lem is to determinewhetherthereexists a truth assignment
t : U ��� T � F � thatsatisfieseachq � Q.

A variableu fails to satisfya clauseq undertruth assign-
ment t if f either: (1) t � u �
	 T, u �� q, and ū � q, or, (2)
t � u ��	 F , ū �� q, andu � q. A MarketSAT economyconsistsof
agentsrepresentingvariableassignmentsanda setof goods
specifyinglicensesto fail to satisfyclauses.Agentschoose
assignmentsfor their correspondingvariables,but mustac-
quire the necessarylicensesfor their chosentruth assign-
ments. Clearly, q � Q is satisfiedundert if f at most 
 q 
�� 1
variablesin q fail to satisfy q. Hence,we make available

 q
�� 1 suchlicenses.1 It follows thata problemis satisfiable
if f all agentscanchooseassignmentssuchthat they canob-
tainall necessarylicensesto supporttheir assignments.

Observe that our notion of failing to satisfy a clauseis
equivalentto thenotionof a nogoodin CSPs,which in SAT
is justanegatedclause.MarketSAT couldbeappliedto more
generalCSPsby specifyingthelicensesto correspondto no-
goods,with 
 q 
�� 1 licensesavailablefor eachnogoodof size

 q
 .

In aMarketSAT protocol,theagentssearchfor asatisfying
solutionin a decentralizedfashionby negotiatingto acquire
thelicenses.A market protocolconsistsof anauctionmech-
anismandagentbidding policies. The negotiationfor each
licensetypeis mediatedby a separateauction.Althoughthe
two new MarketSAT protocolsdiffer in theauctionrulesand
bidding policies,they sharecommonhigh-level features.A
MarketSAT protocoliteratesthroughthefollowing steps:

1. Agents select tentative truth assignmentsand submit
bids to a subsetof the auctionscorrespondingto their
chosentruth assignments.

2. Auctionssendprice quotemessagesto theagentsindi-
catingthecurrentgoingpricesof thelicenses.

Theprotocolcontinuesuntil quiescence, a statein which no
agentchoosesto updateany of its bidsor theauctionstermi-
natenegotiationaccordingto certainprotocol-specificcondi-
tions.Theauctionsallocatetheir respectivelicensesto agents
when quiescenceis reached. For our empirical studieswe
assumesynchronousinstantaneouscommunication.Nothing

1In the original MarketSAT implementation[Walsh and Well-
man,2000], we useda reductionfrom 3-SAT andmade2 units of
eachlicenseavailable.Theexistenceof � q��� 1 licensesfor a clause
of size � q� is a straightforwardgeneralization.

in our protocolsrequiressynchrony, but this allows us to fix
certainparameters,focusingourstudies.

Thepresentmarketstructureis asimplificationof theorig-
inal MarketSAT economy[WalshandWellman,2000] based
on a supply chain formation model [Walsh and Wellman,
1998]. In theoriginaleconomy, therewasaseparateagentfor
positive andnegative assignmentsof variables. An auction
for eachvariablemediatedthenegotiationof theassignment
agentsto provide anassignmentfor the respective variables.
An endconsumerbid to acquireanassignmentto eachvari-
able.Experimentsshow thatthenew protocolsperformmuch
fasterwith thenew structure(Section6).

In thefollowingsectionswedescribethedetailsof two new
variantsof MarketSAT.

2.1 Uniform Pricing
We describea MarketSAT protocol with uniform pricing
(MS-U) basedon the original MarketSAT protocol(MS-O),
but adaptedto the presentsimplified structure. An auction
allows anagentto placea bid to buy a licenseat a specified
price. An agentmay updateits bid only if it increasesthe
priceof thebid by at leastsomepublicly known incrementδ.
Agentsmaynot withdraw bids.

Givena setof buy bidsand 
 q
�� 1 unitsof licenseg avail-
able (for the right to fail to satisfy a clauseq), an auction
reportsa price quotecomprisedtwo parts: 1) the bid price,
β � g � , is the ��
 q
�� th highestprice of all bids, and2) the ask
price, α � g � , is the ��
 q 
�� 1 � sthighestpriceof all bids. If there
are fewer than 
 q 
�� 1 bids in the auction, the bid and ask
pricesarezero.If thereare 
 q
�� 1 bidsin theauction,thebid
price is zeroandthe askpriceequalsthepriceof the lowest
bid. Thebid pricespecifiesthepricethatthewinningbidders
would pay if theauctionstoppedin thecurrentstateandthe
askpricespecifieshow mucha losingagentmustbid in order
to be a winning bidder. The price quotealso indicatesto a
bidderwhetherits bid is oneof the 
 q 
�� 1 highest(winning)
bids. In quiescence,an auctionallocatesits units of license
g accordingto the (M+1)st price auctionrules [Wurmanet
al., 1998]—theagentswith the 
 q
�� 1 highestbidswin g and
pay β � g � . For the price quotesandfinal allocation,the auc-
tion breakstiesin favor of earlierreceivedbids,andrandomly
betweensimultaneouslyreceivedbids.

An agentrandomlychoosesthe initial assignmentfor its
variable and places bids at price zero for the necessary
licenses. When it subsequentlyreceives price quotes, it
choosesan assignmentthat minimizes its assignmentcost,
definedfor anassignmentasthemaximumof thesumof its
currentperceived costsfor the licensesneededfor that as-
signment,andthe previously computedassignmentcost. In
the caseof ties, the agentkeepsits currentassignment.An
agent’s perceived cost for licenseg is β � g � if it is winning,
α � g � if it hasnotsubmittedabid, α � g � if it is bothlosingand
α � g ��� β � g � , andα � g ��� δ if it is bothlosingandα � g ��	 β � g � .

After an agentchoosesits assignment,it incrementsby δ
any losingbid it hassentto theauction,if it needsthelicense
for its chosenassignment.If it hasn’t submitteda bid for
someneededlicense,it submitsa bid at pricezero.An agent
doesnot updateits bids if it is winning all the licensesnec-
essaryfor its currentassignment.Observe that if themarket



reachesquiescencein this way, thentheagents’local assign-
ments� constituteaglobally satisfyingassignment.

2.2 Differential Pricing
In thissectionwedescribeaMarketSAT protocolwith differ-
entialpricing (MS-D). An auctionallows anagentto placea
bid to demandeithereitherzeroor oneunits of the license,
without specifyinga price. Agentsmayswitchbetweenzero
andonequantitydemandswithout constraint.

An auctionmay reportdifferentprice quotesto eachbid-
der, dependingon the demandfor the license. An auction
maintainsa nondecreasingpremium price for its license. If
theauctionhas 
 q
�� 1 unitsof the licenseavailable,andthe
total demandexpressedby thebids is d, thentheauctionre-
portspricequotesasfollows:
� If d  !
 q
�� 1, thentheauctionreportsa priceof zeroto

all bidders.
� If d 	"
 q
�� 1, thentheauctionreportsa priceof zeroto

all bidderswith demandof one,andreportsthepremium
priceto thesinglebidderwith demandof zero.

� If d �"
 q 
�� 1, thentheauctionincreasesthepremiumby
one,reportsthepremiumprice to onerandomlychosen
bidderwith ademandof one,andreportsapriceof zero
to all otherbidderswith demandof one.

In quiescence,if d �#
 q 
�� 1, thentheauctionrandomlyallo-
catesthe licenseto 
 q
�� 1 agentsthat bid with demandone
for the license,otherwiseit allocatesa licenseto eachof the
currentbidderswith demandone. Eachagentthat receives
a licensepaysaccordingthe price specifiedin the last price
quoteit received.

An agentrandomlychoosesthe initial assignmentfor its
variable. When it subsequentlyreceives price quotes, it
choosesan assignmentthatminimizesthe sumof the prices
of licensesasreportedby thelastpricequote,with preference
for its currentassignmentwhenthecostsareequal.Whenan
agentis in its initial state,or whenit flips its assignment,it
placesbids of quantity one for all licensesit needsfor the
assignmentandplacesbids for quantityzerofor all licenses
necessaryfor the oppositeassignment.Whenan agentdoes
not flip its assignment,it resubmitsany bid neededfor that
assignmentandfor which it receiveda premiumpricequote.
If anagentdoesnot flip its assignmentandif receiveda zero
pricequotefor all its bidsfor theassignment,theagentdoes
not updateany of its bids.Observe thatif themarket reaches
quiescencein this way, then the agents’local assignments
constitutea globally satisfyingassignment.Furthermore,in
this caseeveryagentpayszerofor thelicensesit receives.

3 EconomicInter pretation and Rational
Behavior

The interpretationof the market-inspiredprotocolsin eco-
nomictermsrequiresamodelof agentvaluesunderwhichthe
assumedbehavior would beplausiblyrational. For anagent
a to be willing to participatein theseprotocols,andhence
be willing to pay money for their allocations,it mustobtain
someindividualvalueva from participatingin asatisfyingso-
lution. An agentobtainsnovalueif it doesnotparticipatein a

Initialize theweightof all nogoodsto 1
UNTIL currentstateis solutionDO

IF currentstateis not a localminimum
THEN makeany local changethatreduces

thetotalweightsof violatednogoods
ELSEincreaseweightsof all currently

violatednogoods
END

Figure1: Thebreakoutalgorithm[Morris, 1993].

satisfyingsolution. An agentwishesto maximizeits surplus
value,whichis thedifferencebetweenthevalueit obtainsand
thetotal priceit paysfor thelicensesit acquires.

In bothprotocols,thebiddingpoliciesarenon-strategic in
that agentsdo not accountfor the behavior of otheragents.
This assumptionmay be reasonablein large networks for
whichagentshavelittle informationaboutotheragentprefer-
encesandbehavior.

Thebiddingpoliciesaremyopicandbest-responsein that
agentsalwaysbid to optimizetheir surplusgiventhecurrent
pricequotes,without speculatingaboutfuturepricechanges.
Theplausibility of this approachdependson how accurately
thepricequotesindicatethepricesagentsmayactuallyhave
to pay for their final allocations. For both protocols, the
price quotesindicatewhat the agentswould pay if the bid-
dingstoppedin thecurrentstate.

However, the protocolsdiffer significantly in how price
quotessignal future price movements. In MS-U, the non-
decreasingpricequotesindicatelowerboundson theamount
that agentswould have to pay, providing a basisfor agents’
belief in the price quotes.Sincepricesdo not decrease,we
would also expect that, in addition to the agentquiescence
conditionspecifiedin Section2.1,arationalagentwouldstop
biddingwhenthetotal costof anassignmentexceedsva.

In MS-D, agentsactuallypay nothing for a globally sat-
isfying allocation,andwould have positive paymentsonly if
the protocol were to terminatewith an unsatisfyingalloca-
tion. Thus,unlike in MS-U, we would expectrationalagents
to stopbiddingonly whenthey reacha satisfyingallocation
(asspecifiedin Section2.2). But this calls into questionthe
usefulnessof thepricequotesasmeaningfulfutureprice in-
dicators.Thebiddingpoliciesin MS-D would bemoreplau-
sibly rationalif the agentshada reasonableexpectationthat
the protocolcould terminateat any time, for instanceif the
auctionsterminatednegotiationsbasedon a randomsignal.
Indeed,sucha mechanismmay be usefulboth to encourage
desirablebehavior andto boundthelengthof negotiations.

4 Price-GuidedSearch
Intuitively, market pricesindicatetherelative globalvalueof
licenses,andagentsusethe pricesto guidetheir local deci-
sions.Thebiddingprocesscanbeseenasadistributedsearch
for pricesthatsupporta satisfyingallocation.In theMarket-
SAT protocols,pricesare closely analogousto the weights
of nogoods(which correspondexactly to failing to satisfya
clause)in the breakout algorithm[Morris, 1993], presented
in Figure1. In breakout,weightsarea measureof how often



thenogoodsappearin local minimavisitedby thealgorithm.
Theweights$ thusbiasthesearchaway from localminima.

In contrastto breakout, which increasesthe costsof no-
goodsonly whentheglobalstateisalocalminimum,theMar-
ketSAT protocolsincreasethe pricesof licensesin response
to local state.Theprice of a licenseincreaseswhenever the
correspondingclauseis not satisfiedfor the currentassign-
ment,which cananddoesoccuroutsideof local minima of
theglobalstate.

The breakout algorithmsequentiallyflips variableassign-
mentsto reducethe global weight of the violatednogoods.
Thenogoodweightsarecountedonly for clausesthatarenot
satisfied.In MS-U, becausebidscannotbewithdrawn, once
a licensehasan excessdemand,it will alwayshave excess
demand,even if the currentchoicesof variableassignments
would indicate that the clauseis currently satisfied. Thus
the pricesnever decreaseandagentsattribute a cost to a li-
censeeven if theclauseis satisfied.In contrast,in MS-D an
agentwill only attribute a positive costto a licenseif either
thelicenseis overdemandedor if flipping its own assignment
would make the licenseoverdemanded(assumingno other
agentwould alsoflip). In this sense,the costevaluationin
MS-D is closerto thebreakoutalgorithmthanin MS-U.

In breakout, currentnogoodcostsareevaluateduniformly
for all variables. In MS-U, an agentdistinguishesits cost
evaluationdependingon whetherit is winning or losingand
assumesthat its total costover all licensesnever decreases.
This differencein perceived pricesgivesextra “friction” to
the currently winning agentsbecausethey assumelower
costs,hencearesomewhat lesslikely to swap assignments.
However, this friction is relatively small becauseagentsin-
creasetheirbidsby δ only whenthey arelosing,hencethebid
andaskpricesnever differ by morethanδ. In MS-D, agents
canattribute widely varying coststo a license,with at most
oneagentattributing thepremiumcostandothersattributing
a zerocost.

Unlike breakout, variablescan flip simultaneouslyin the
MarketSAT protocols. This could be beneficialto perfor-
mancewhenagentsoperatein parallel,if theright flips occur
simultaneously. YokooandHirayama[1996] observedthatit
couldbedetrimentalif neighborvariables—thosethatshare
aclause—flipsimultaneously, andthusincorporatedsynchro-
nizingstepsinto DB to preventsimultaneousneighborflips.

Of particularconcernaresimultaneous,satisfyingneigh-
bor flips—neighborssimultaneouslyflipping to satisfy a
clause(e.g., variablesx andy simultaneouslyflipping to T
to satisfy clause � x % y � ) which we expect to be prevalent
in the MarketSAT protocols. When neighborvariablessi-
multaneouslyflip to satisfy the sameclause,other clauses
maybecomeneedlesslyunsatisfied.Unlike DB, theMarket-
SAT protocolshave no explicit mechanismto preventsimul-
taneousneighborflips, yet we expectthe differentprotocols
to differ in the numberof simultaneous,satisfyingneighbor
flips. In MS-U, becausethe bid/askspreadon any license
is small, agentsthat desirecommonlicensesare likely to
have similar total cost evaluations. Hence,when the price
of a sharedlicenseincreases,they maybe likely to simulta-
neouslyflip to satisfy the clause. In MS-D, becauseagents
canattribute widely varying coststo licenses,the costeval-

uationsof neighboragentsarelesslikely to beclosethanin
MS-U. We expectthis would reducethenumberof simulta-
neous,satisfyingneighborflips.

5 Completeness
We canshow thatMS-U is incompleteusinga closevariant
of theexamplethatMorris [1993] usedto show thatthe(cen-
tralized)breakout algorithmis incomplete.We assumesyn-
chrony, notingthatthis impliesthesamefor anasynchronous
system.TheCNFclausesare: � x̄ % y � , � x̄ % z� , � x̄ % w� , � ȳ % x � ,
� ȳ % z� , � ȳ % w � , � z̄ % x � , � z̄ % y � , � z̄ % w� , � w̄ % x � , � w̄ % y � ,
� w̄ % z� . Observe that the only solution for the problemas-
signsall variablesT or all variablesF . Considerthe case
whentheinitial randomassignmentsaret � x �&	 t � z�'	 T and
t � y �(	 t � w �(	 F . Assumethattherandomtie breakingoccurs
asfollows in thefirst round: x wins � x̄ % y � , y wins � z̄ % y � , z
wins � z̄ % w � , andw wins � x̄ % w � . Assumethat the random
tie breakingoccursas follows in the secondround: y wins
� ȳ % x � , x wins � w̄ % x � , z wins � ȳ % z� , andw wins � z % w̄ � . In
all subsequentrounds,auctiontie breakingis deterministic.
Throughout,all agentsflip simultaneously, hencethe proto-
col oscillatesindefinitely.

With thesameSAT instancewe usedto show incomplete-
nessof MS-U (but with different initial assignmentsandtie
breakings),our simulationresultsstronglysuggestto usthat
MS-O is notguaranteedto convergeto asolution.We refrain
from describinga traceof a non-converging run due to the
greatercomplexity of theagentinteractionsin MS-O.

We canalsoshow thatMS-D is incompleteusingMoris’s
exactexample.TheCNF clausesare: � x % y % z % w � , � x̄ % y � ,
� x̄ % z� , � x̄ % w � , � ȳ % x � , � ȳ % z� , � ȳ % w� , � z̄ % x � , � z̄ % y � , � z̄ % w� ,
� w̄ % x � , � w̄ % y � , � w̄ % z� . Observe that the only solutionas-
signsall variablesT. Considertheinitial randomassignment
t, suchthat t � x �'	 T andall othervariablesareF . Thepre-
mium increasesin eachof the unsatisfiedclausesso long as
they remainunsatisfied,but the choiceof which variablein
theclausespaysthepremiumis chosenrandomly. With pos-
itive probability, x canalwaysbetheonly variablechosento
paythepremium,in whichcaseit will flip indefinitelyandno
othervariableswill flip.

If thebreakoutalgorithmreachestruth assignmentt asde-
scribedin the preceding,it cannotconverge to the satisfy-
ing truth assignment[Morris, 1993]. But becauseMS-D has
variable-specificpricing, it doesnot necessarilymake a flip
whenit wouldbeaglobalimprovement,whichcandelayun-
desirableflips. In fact,MS-D canalwaysconverge,with pos-
itiveprobability, to somesatisfyingtruthassignmentt ) . With
positiveprobability, anauctionfor a licensecorrespondingto
anunsatisfiedclausewill alwaysreportthepremiumpriceto
somevariablex suchthat t � x �+*	 t ) . But then the protocol
would clearly converge to t ) . We do not know if a similar
resultholdsfor MS-U.

6 Experiments
We comparedthe MarketSAT protocols with MS-O and
DB usingsatisfiable(unforced,filtered) uniform random3-
SAT problemsat the phasetransition(between4.26and4.3



clause/variableratio) from the SATLIB benchmarklibrary2.
This is generallyconsideredthehardestclassof 3-SAT prob-
lemsto solve [Cheesemanet al., 1991;Mitchell et al., 1992]
and has beenusedwidely to benchmarkSAT algorithms.
Note that, to generatehardsatisfiableproblems,it is impor-
tantto generateproblemsrandomlyandfilter theunsatisfiable
instances.Forcingtheproblemsto satisfyaparticularassign-
mentmakesthemmucheasier[Achlioptaset al., 2000].

To boundthe computationaltime, for a probleminstance
of n variables,we ran a protocol for at most1000n rounds.
For MarketSAT, a roundis asynchronousbiddinground,and
for DB, aroundcorrespondsto acycleasdescribedby Yokoo
andHirayama[1996]. Agentsparticipateuntil they reachqui-
escence(with a satisfyingsolution), or until the maximum
roundsis reached.We recognizethat the artificial limit on
the bidding roundsreducesthe plausibility that agentsmay
usethe specifiedbidding policies(seeSection3), but chose
thisapproachto consistentlycomparetheperformanceof the
protocols. We comparedtheseprotocols in terms of bid-
ding rounds,which is thebestmeasureof performancewhen
agentsoperatein parallel. The performanceis summarized
in Table 1. Comparingthe protocolsfrom top to bottom,
eachsubsequentprotocolimprovesbyaboutafactorof two to
sevencomparedto thepreviousonall performancemeasures.

Success Average Median σ
n Ratio Rounds Rounds Rounds

Protocol:MS-O
50 0.40 3, 90 - 104 5, 00 - 104 18, 1 - 103

Protocol:MS-U
50 0.96 6, 12 - 103 1, 51 - 103 1, 15 - 104

75 0.75 2, 75 - 104 1, 08 - 104 3, 03 - 104

100 0.53 6, 10 - 104 8, 21 - 104 4, 16 - 104

Protocol:MS-D
50 1.00 896 250 3, 52 - 103

75 0.98 3, 98 - 103 429 1, 17 - 104

100 0.96 1, 04 - 104 1, 50 - 103 2, 34 - 104

125 0.85 2, 74 - 104 3, 65 - 103 4, 45 - 104

150 0.85 3, 69 - 104 5, 94 - 103 5, 45 - 104

175 0.83 5, 37 - 104 1, 63 - 104 6, 68 - 104

Protocol:DB
50 1.00 234 64.5 829
75 0.99 2, 14 - 103 299 9, 40 - 103

100 0.98 4, 26 - 103 460 1, 61 - 103

125 0.96 9, 12 - 103 1, 42 - 103 2, 63 - 104

150 0.93 1, 80 - 104 1, 22 - 103 4, 24 - 104

175 0.88 2, 98 - 104 2, 83 - 103 5, 81 - 104

Table1: Performanceof protocolswith n variables.

We attemptedto determinethe causesof differing perfor-
manceof theprotocols.We believe that the improvementof
MS-U over MS-O is dueto thesimplifiednetwork structure,
sinceMS-U is otherwiseessentiallythesameasMS-O. One

2http://aida.intellektik.informatik.
tu-darmstadt.de/SATLIB/benchm.html

plausibleconjecturefor the differencebetweenMS-U, MS-
D, andDB is differing numbersof simultaneous,satisfying
neighborflips. We predict that an orderingof the protocols
by increasingsimultaneous,satisfyingneighborflips would
bethesameasby increasingperformance.

To testthis conjecturewe measuredthesimultaneous,sat-
isfying neighborflips in bothMS-D andMS-U. Also, recog-
nizing thattheMarketSAT protocolsaremuchlike breakout,
but with simultaneousflips, we modifiedthe breakout algo-
rithm to allow simultaneousflips (with somead hoc param-
etersto control the numberof simultaneousflips andsimul-
taneous,satisfyingneighborflips). To gain insightaboutthe
effectsof simultaneous,satisfyingneighborflips, we tested
breakout with simultaneousflips (SFB) with varying frac-
tions of suchneighborflips. We alsovaried the numberof
genericsimultaneousflips to helpdistinguishtheir contribu-
tion to performancefrom neighborflips.

Flips Neighbor
PerFlip Flips

Protocol Rounds Flips Round Ratio
MS-U 6, 12 - 103 1, 02 - 104 2, 21 0.33
MS-D 896 473 2.02 0.23
DB 234 218 1.41 0
SFB 483 329 1.00 0

403 374 1.66 0
494 390 1.42 0.02
474 413 1.53 0.10
483 432 1.65 0.13
410 340 1.66 0.23
408 468 1.99 0.37

Table2: Comparisonof simultaneous,satisfyingflips for 50-
variableproblems.

Table 2 shows the averagenumberof flips, flips per flip
round(flips per roundin which a flip actuallyoccurred)and
averagefractionof simultaneous,satisfyingneighborflips for
MS-U, MS-D, DB, andSFB. As expected,MS-U performs
substantiallymoresimultaneous,satisfyingneighborflips ab-
solutely, andasa fractionof the total flips thandoesMS-D.
However, theresultsfrom SFBdo not supporttheconjecture
that the neighborflips contribute significantly to the perfor-
mancedifference.Theperformanceof SFB doesnot appear
to besensitiveto, or evenmonotonicin, thefractionof simul-
taneous,satisfyingneighborflips.

Table 2 suggestsan alternateexplanationof the perfor-
mancedifferencebetweenDB and MS-D. For 50-variable
problems,MS-D requiresnearly 3.8 times as many rounds
asDB, but only 2.2 timesasmany flips. We alsomeasured
thenumberof roundsin whichMS-D andDB performedflips
andfound found that, in fact, the averagenumberof rounds
in which variablesactuallyflip in MS-D is 316,only 35%of
the averagetotal rounds. The averagenumberof roundsin
whichDB performedaflip is 73%of its averagetotal rounds.
Thusit seemsthat thepoorperformanceof MS-D relative to
DB is dueto theextra roundsto requiredto produceflips.

We conjecturethattheseextra roundsin MS-D happenbe-



causeauctionsrandomlyreassignthepremiumpriceat each
round.. Thustheagents’costsfluctuaterandomly, anddo not
directly progressevery time the premiumincreases.To ver-
ify this conjecture,we testeda variationof MS-D whereby
pricing is reportedasthepremiumandafractionb of thepre-
mium (ratherthan the premiumor zeroas in MS-D). With
a positive b, an agent’s costswould not fluctuateso heav-
ily from randomassignmentsof thepremiumcost. We tried
b 	 0, 1 on 50-variableproblemsand found that it required
only 509 rounds,462 flips, and231 flip rounds. The ratio
of roundsto flip roundsis only 2, 2 with b 	 0, 1, comparedto
2, 8 for MS-D. Furthermore,althoughthevariantwith b 	 0, 1
outperformedMS-D, thefractionof satisfyingneighborflips
was0, 43—significantlymore than in MS-D. This evidence
suggeststhat differencein performancebetweenMS-D and
DB is largelydueto theextraroundsrequiredto produceflips
in MS-D, ratherthansimultaneous,satisfyingneighborflips.

Appealingto extra, non-flippingroundsdoesnot seemto
explain the relative performancedifferencebetweenMS-U
andMS-D, astheratioof roundsto flip roundsis only 1.3for
MS-U, significantly lessthan in MS-D. An alternateexpla-
nationwe proposeis that the relatively poorperformanceof
MS-U is dueto thefactthatcostscontinueto beattributedto a
licensewhenits respectiveclausebecomessatisfied(notethat
pricesare increasedonly for unsatisfiedclausesthough). If
thepricesdonotdistinguishbetweensatisfiedandunsatisfied
clauses,it would seemthat MS-U pricing may not provide
a effective indicationof the relative difficulty of satisfyinga
clause.In contrast,recallthat,in MS-D, whenaclauseis sat-
isfied,theagentscurrentlydemandingtheassociatedlicense
receive price quotesof zero. Breakout attributesno cost to
satisfiedclauses.To testwhetherattributing coststo satisfied
clausescanbe detrimental,we modified the breakout algo-
rithm so that it doesjust that and found that the algorithm
rarelyfoundsatisfyingassignments.Of courseMS-U did not
performthis poorly, but it doesdiffer from breakout in other
ways,asdescribedin Section4. Still, our testsuggeststhat
we have identifieda significantcauseof the relatively poor
performanceof MS-U.

7 Discussionof Decentralization

The MarketSAT protocols are highly decentralizedin the
sensethat agentsneedonly know aboutand communicate
with auctionsfor their own licenses(which in turn requires
knowledgeabouttheclausesin whichthey arecontained)and
auctionsneedonly communicatewith theagentsthatpartic-
ipate in them. Agentsneednot communicatewith, or even
know the existenceof other variables. Similarly, auctions
neednotcommunicatewith eachother. In DB, anagentmust
know in whichclausesits variableis containedandmustalso
communicatewith all variablesin thoseclauses.MarketSAT
canoperatefully asynchronously. In DB, variablessynchro-
nizewith their neighborsto detectquasi-localminimaandto
ensurethatneighborvariablesdo not flip simultaneously.

In their previous work, Walsh and Wellman [2000] sug-
gestedthat the highly decentralizednatureof MS-O neces-
sarily engenderspoor performance. However, our experi-
mentswith MS-D suggestthatahighly decentralizedmarket-

inspiredprotocolcanperformreasonablywell. Indeed,our
experimentswith variantson MS-D suggestthat further im-
provementscanbe obtainedwith the samedegreeof decen-
tralization.Still, it is anopenquestionwhetherdecentralized
approachescouldperformaswell asthecentralizedSAT al-
gorithms.Centralizedalgorithmscanutilize techniquessuch
asrestarts(which contributedsignificantlyto the successof
GSAT [Selmanet al., 1992] and subsequenthill-climbing
basedalgorithms)to help reduceheavy tails in the perfor-
mancedistribution. We found that restartscanalsosignifi-
cantlyimprovetheperformanceof MS-D. For example,with
10n maxflips and1000maxrestarts,MS-D cansolveall 175-
variableprobleminstanceswithin the bound,with average
rounds2, 69 - 104, median1, 1 - 104, andσ 	 5, 00 - 104. Al-
thoughrestartscouldbe implementedin a synchronoussys-
temwith cooperatingagentsit is not obvioushow suchtech-
niquesmight be utilized in a distributed,asynchronoussys-
tem.Moreover, wedonothaveany intuition for aneconomic
interpretationof restarts.

8 Conclusions
Wedescribedtwo market-inspiredprotocolsfor propositional
satisfiabilityandcomparedthemwith thedistributedbreakout
algorithm.Wefoundthatthepricingmethodcansignificantly
affect theperformance,with thedifferentialpricing protocol
aboutahalf magnitudebetterthanuniformpricing. However,
thedifferentialpricing protocolis lessjustifiablein termsof
rationaleconomicagentbehavior. AlthoughtheMarketSAT
protocolswe considerperform significantly better than the
original MarketSAT, thelessdecentralizeddistributedbreak-
out algorithmstill outperformsthe differentialpricing Mar-
ketSAT by a factorof threeto four.

An informal analysissuggeststhattheprice-guidedsearch
of MarketSAT worksbecausetheprotocolsresemblethecen-
tralizedbreakoutalgorithm.We foundthat thefractionof si-
multaneous,satisfyingneighborflips doesnotexplainthedif-
ferencein performanceacrossprotocols,but that theperfor-
manceof MarketSAT with differentialpricing sufferslargely
from theextra roundsneededto producea flip.

We have identified tradeoffs in terms of runtime per-
formance,decentralization,and the plausibility of assumed
agent behaviors. Understandingthesetradeoffs is neces-
sary to make informed engineeringdecisionsaboutthe ap-
propriatenessandapplicabilityof alternatedecentralizedap-
proachesto a particularproblemenvironment.

Themarket approachhasthebenefitof providing a price-
basedinterfacefor anagentto evaluateanddirect its behav-
ior in the context of its broaderdecisionmaking. To better
understandand further develop market approachesto com-
plex coordinationproblems,we mustexplicitly incorporatea
modelof theagents’economicmotivationsin thecontext of
theproblemto besolved. Futurework shouldalsoincludea
deeperanalysisof rationalagentbehavior.
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