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Abstract. This paper presents an initial report on an innovative ap-
proach for solving satis�ability problems (SAT), i.e., creating a logic
circuit that is specialized to solve each problem instance on Field Pro-
grammable Gate Arrays (FPGAs). Until quite recently, this approach
was unrealistic since creating special-purpose hardware was very expen-
sive and time consuming. However, recent advances in FPGA technolo-
gies and automatic logic synthesis technologies have enabled users to
rapidly create special-purpose hardware by themselves.
This approach brings a new dimension to SAT algorithms, since all con-
straints (clauses) can be checked simultaneously using a logic circuit.
We develop a new algorithm called parallel-checking, which assigns all
variable values simultaneously, and checks all constraints concurrently.
Simulation results show that the order of the search tree size in this
algorithm is approximately the same as that in the Davis-Putnam pro-
cedure. Then, we show how the parallel-checking algorithm can be im-
plemented on FPGAs. Currently, actual implementation is under way.
We get promising initial results which indicate that we can implement a
hard random 3-SAT problem with 300 variables, and run the logic cir-
cuit at clock rates of about 1MHz, i.e., it can check one million states
per second.

1 Introduction

A constraint satisfaction problem (CSP) is a general framework that can formal-
ize various problems in Arti�cial Intelligence, and many theoretical and exper-
imental studies have been performed [9]. In particular, a satis�ability problem
for propositional formulas in conjunctive normal form (SAT) is an important
subclass of CSP. This problem was the �rst computational task shown to be
NP-hard [3].

Virtually all existing SAT algorithms are intended to be executed on general-
purpose sequential/parallel computers. As far as the authors know, there has
been no study on solving SAT problems by creating a logic circuit specialized to
solve each problem instance. This is because until quite recently, creating special-
purpose hardware was very expensive and time consuming. Therefore, making
a logic circuit for each problem instance was not realistic at all. However, due
to recent advances in Field Programmable Gate Array (FPGA) technologies [1],



users can now create logic circuits by themselves, and recon�gure them elec-
tronically, without any help from LSI vendors. Furthermore, by using current
automatic logic synthesis technologies [2], [11], users are able to design logic
circuits automatically using a high level hardware description language (HDL).
These recent hardware technologies have enabled users to rapidly create logic
circuits specialized to solve each problem instance.

In this paper, we present an initial report on an innovative approach for solv-
ing SAT, i.e., creating a logic circuit that is specialized to solve each problem
instance using FPGAs. This approach brings a new dimension to SAT algo-
rithms, since all constraints (clauses) can be checked simultaneously using a
logic circuit.

We develop a new algorithm called the parallel-checking algorithm. This al-
gorithm has the following characteristics.

{ Instead of determining variable values sequentially, all variable values are de-
termined simultaneously, and all constraints are checked concurrently. Mul-
tiple variable values can be changed simultaneously when some constraints
are not satis�ed.

{ In order to prune the search space, this algorithm introduces a technique
similar to forward checking [8].

Simulation results show that the order of the search tree size in this algorithm
is approximately the same as that in the Davis-Putnam procedure [5], which is
widely used as a complete search algorithm for solving SAT problems.

Then, we show how the parallel-checking algorithm can be implemented on
FPGAs by using recent hardware technologies. Currently, actual implementa-
tion is under way. We get promising initial results which indicate that we can
implement a hard random 3-SAT problem with 300 variables, and run the logic
circuit at clock rates of about 1MHz, i.e., it can check one million states per
second.

In the remainder of this paper, we brie
y describe the problem de�nition (Sec-
tion 2), and describe the parallel-checking algorithm in detail (Section 3). Then,
we show simulation results for evaluating the search tree size of this algorithm
(Section 4). Furthermore, we show the way for implementing this algorithm on
FPGAs and describe the status of the current implementation (Section 5). Fi-
nally, we discuss the relation of this algorithm with recently developed algorithms
[4], [7], [6] that improve the Davis-Putnam procedure (Section 6).

2 Problem De�nition

A satis�ability problem for propositional formulas in conjunctive normal form
(SAT) can be de�ned as follows. A boolean variable xi is a variable that takes
the value true or false (represented as 1 or 0, respectively). In this paper, in
order to simplify the algorithm description, we represent the fact that xi is
true as (xi; 1). We call the value assignment of one variable a literal. A clause

is a disjunction of literals, e.g., (x1; 1) _ (x2; 0) _ (x4; 1), which represents a



logical formula x1 _ x2 _ x4. Given a set of clauses C1; C2; : : : ; Cm and variables
x1; x2; : : : ; xn, the satis�ability problem is to determine if the formula

C1 ^ C2 ^ : : : ^ Cm

is satis�able. That is, is there an assignment of values to the variables so that
the above formula is true.

In this paper, if the formula is satis�able, we assume that we need to �nd all or
a �xed number of solutions, i.e., the combinations of variable values that satisfy
the formula. Most of the existing algorithms for solving SAT aim to �nd only one
solution. Although this setting corresponds to the original problem de�nition,
some application problems, such as visual interpretation tasks [14], and diagnosis
tasks [13], require �nding all or multiple solutions. Furthermore, since �nding all
or multiple solutions is usually muchmore di�cult than �nding only one solution,
solving the problem by special-purpose hardware will be worthwhile. Therefore,
in this paper, we assume that the goal is to �nd all or multiple solutions.

In the following, for simplicity, we restrict our attention to 3-SAT problems,
i.e., the number of literals in each clause is 3. Relaxing this assumption is rather
straightforward.

3 Algorithm

3.1 Basic Ideas

We are going to describe the basic ideas of the parallel-checking algorithm. This
algorithm is obtained by gradually improving a simple enumeration algorithm.

Simple Enumeration Algorithm: We represent one combination of value as-
signments of all variables as n-digit binary value. Assuming that variable xi's
value is vi, a combination of value assignments can be represented by an n-digit
binary value �n

i=12
i�1vi, in which the value of i's digit (counted from the lowest

digit) represents the value of xi. We call one combination of all variable val-
ues one state. In this algorithm, the state is incremented from 0 to 2n � 1. For
each state, the algorithm checks whether clauses are satis�ed. If all clauses are
satis�ed, the state is recorded as a solution. Obviously, this algorithm is very
ine�cient since it must check all 2n states.

Introducing Backtracking: When some clauses are not satis�ed, instead of
incrementing x1's digit, we can increment the lowest digit that is included in
these unsatis�ed clauses; thus the number of searched states can be reduced. The
algorithm obtained after this improvement is very similar to the backtracking
algorithm where the order of the variable/value selection is �xed.



Introducing Forward Checking (i): Furthermore, instead of checking the
current value (0 or 1) only, if we check another value concurrently, we can reduce
the number of searched states. For example, assume that there exist variables
x1; x2; x3; x4; x5 and three clauses:

C1: (x1; 1) _ (x4; 1) _ (x5; 1),

C2: (x1; 0) _ (x3; 1) _ (x4; 1),

C3: (x1; 0) _ (x2; 1) _ (x5; 1).

The initial state f(x1; 0); (x2; 0); (x3; 0); (x4; 0); (x5; 0)g does not satisfy C1. If we
increment x1's digit and change x1's value to 1, then C2 and C3 are not satis�ed.
If we perform the check for the case that x1's value is 1, we can con�rm that
incrementing x1's digit is useless.

In this case, which digit should be incremented? If x1 is 0, C1 is not satis�ed,
and the second lowest digit in C1 is x4. If x1 is 1, C2 and C3 are not satis�ed,
and the second lowest digit in C2 is x3, while the second lowest digit in C3 is x2.
Therefore, we can conclude that at least x3's digit must be changed to satisfy
all clauses; changing digits lower than x3 is useless.

This procedure is similar to the backtracking algorithm that introduces for-

ward checking [8], where backtracking is performed immediately after some vari-
able has no consistent value with the variables that have already assigned their
values.

Introducing Forward Checking (ii): Another procedure that greatly con-
tributes to the e�ciency of forward checking is to assign the variable value
immediately if the variable has only one value consistent with the variables that
have already assigned their values. This procedure is called unit resolution in
SAT.

In order to perform a similar procedure in this algorithm, for each variable
xi, we de�ne a value called unit(xi). If unit(xi)=j, there exists only one possible
value for xi, which is consistent with the upper digit variables1, and the second
lowest digit in the clause that is constraining xi is xj 's digit.

For example, in the initial state f(x1; 0); (x2; 0); (x3;0); (x4; 0); (x5; 0)g of the
problem described in 3.1, x1 has only one consistent value 1 by C1. There-
fore, we set unit(x1) to 4 (since x4 is the second lowest digit in C1), and
change x1's value to 1. The value of unit(x1) represents the fact that unless
at least x4's digit is changed, x1 has only one possible value. The next state
will be f(x1; 1); (x2;0); (x3; 1); (x4; 0); (x5; 0)g. This state does not satisfy C3.
Since the lowest digit in C3 is x1, x1's value is changed in the original proce-
dure. However, the value of unit(x1) is 4 and the second lowest digit in C3 is
x2, where x2 is lower than x4. Therefore, x2's value is changed. The next state
will be f(x1; 1); (x2; 1); (x3; 1); (x4; 0); (x5; 0)g. This state satis�es all of the three
clauses.

1 When there exist multiple possible values, unit(xi)=i.



3.2 Details of the Algorithm

Term De�nitions: In the following, we de�ne concepts and terms used in the
algorithm.

{ Each clause (xi; vi) _ (xj ; vj) _ (xk; vk) is converted to the following rule
(where 
ip(0)=1, 
ip(1)=0):

if (xj ; 
ip(vj)) ^ (unit(xj) > i) ^ (xk; 
ip(vk)) ^ (unit(xk) > i)

then (xi; 
ip(vi)) is prohibited:

It must be noted that one clause is converted to three di�erent rules, since
there are three possibilities for choosing the variable in the consequence part.

{ Each rule is associated with the value 
ip(vi) of variable xi in the conse-
quence part.

{ We call a rule is active if the condition is satis�ed in the current state.
{ For value vi of variable xi, if some rule associated with vi is active, we call
value vi is prohibited.

{ For each active rule, if the variables in the condition part are xj; xk, we call
min(unit(xj), unit(xk)) the backtrack-position of the rule.

{ If value vi of variable xi is prohibited, the maximum of the backtrack-
positions of active rules associated with vi is called vi's backtrack-position.

{ When a state is given, we classify the condition of variable xi in the following
four cases:

satis�ed/free: both values are not prohibited.
satis�ed/constrained: the current value vi is not prohibited, but 
ip(vi)

is prohibited.
not-satis�ed/possible: the current value vi is prohibited, but 
ip(vi) is

not prohibited.
not-satis�ed/no-way: both values are prohibited.

{ For variable xi which is not-satis�ed, we de�ne the backtrack-position of xi
as follows:

when xi is not-satis�ed/no-way: the minimum (the lower digit) of the
backtrack-positions of values 0 and 1.

when xi is not-satis�ed/possible: i (its own digit).

Parallel-Checking Algorithm: In the initial state, all variable values are 0,
and the value of unit(xi) is i.

1. For each value of each variable, concurrently check whether the associated
rules are active. For a prohibited value, calculate the backtrack-position of
the value. Calculate the condition and backtrack-position of each variable.

2. For each variable xi, if its condition is satis�ed/constrained, set the value of
unit(xi) to the backtrack-position of 
ip(vi), where vi is xi's current value.
Otherwise, set unit(xi) to i.



3. Calculatem, which is the maximum of the backtrack-positions of not-satis�ed
variables. If all variables are satis�ed, record the current state as a solution,
and set m to 1.

4. Calculate max, which is the lowest digit that satis�es the following condi-
tions: max � m, vmax = 0, and xmax is satis�ed/free, where vmax is xmax's
current value. If there exists no value that satis�es these conditions, termi-
nate the algorithm.

5. Change the value of xmax from 0 to 1. For each variable xi which is lower
than xmax, execute the following procedure:

when xi is satis�ed/constrained, and unit(xi) is larger than max: do not
change xi nor unit(xi).

when xi is not-satis�ed and for one of xi's values vi, vi's backtrack-position
is larger2 than max: set xi's value to 
ip(vi), and set unit(xi) to vi's
backtrack-position.

otherwise: set xi's value to 0, and set unit(xi) to i.

6. Return to 1.

4 Simulation Results

In this section, we evaluate the e�ciency of the parallel-checking algorithm by
software simulation. We measured the number of searched states in the algo-
rithm. For comparison, we used the Davis-Putnam procedure [5], which is widely
used as a complete algorithm for solving SAT problems. The Davis-Putnam pro-
cedure is essentially a resolution procedure. It performs backtracking search by
assigning the variable values and simplifying clauses. We call a clause that is
simpli�ed, such that it contains only one literal, a unit clause. When a unit
clause is generated, the value of the variable that is contained in the unit clause
is assigned immediately so that the unit clause is satis�ed. This procedure is
called unit resolution.

We use hard random 3-SAT problems as example problems. Each clause is
generated by randomly selecting three variables, and each of the variables is given
the value 0 or 1 (false or true) with a 50% probability. The number of clauses
divided by the number of variables is called the clause density, and the value
4.3 has been identi�ed as the critical value that produces particularly di�cult
problems [10].

In Fig. 1, we show the log-scale plot of the average number of visited states
over 100 example problems, by varying the number of variables n, where the
clause density is �xed to 4.3. The number of visited states in the Davis-Putnam
procedure is the number of binary choices made during the search; it does not
include the number of unit resolutions. Since a randomly generated 3-SAT prob-
lem tends to have a very large number of solutions when it is solvable, in order

2 Since m is the maximum of the backtrack-positions of all not-satis�ed variables, the
backtrack-positions of both values can not be larger than max, which is larger than
m.



to �nish the simulation within a reasonable amount of time, we terminate each
execution after the �rst 100 solutions are found.

We perform a simple variable rearrangement before executing these algo-
rithms, i.e., the variables are rearranged so that strongly constrained variables
(variables included in many clauses) are placed in higher digits, and the vari-
ables that are related by constraints (the variables included in the same clause)
are placed as close as possible. The Davis-Putnam procedure utilizes this rear-
rangement by selecting a variable in the order from xn to x1 (except for unit
resolutions).

From Fig. 1, we can see the following facts.

{ The number of visited states in the parallel-checking algorithm is three to
eight times larger than that in the Davis-Putnam procedure. This result
is reasonable since the number of states in the Davis-Putnam procedure
does not include the number of unit resolutions, while the number of states
in the parallel-checking includes state transitions that are caused by unit
resolutions.

{ The order of visited states (the order of the search tree size) in the parallel-
checking algorithm is approximately the same as that in the Davis-Putnam
procedure, i.e., for each algorithm, the number of visited states grows at the
same rate as the number of variables increases.

The computation executed for each state in the Davis-Putnam procedure is in
the order of O(n) (which includes repeated applications of unit-resolutions). On
the other hand, the computation executed for each state in the parallel-checking
algorithm can be �nished in one clock3 when the algorithm is implemented on
FPGAs.

These results indicate that the parallel-checking algorithm implemented on
FPGAs will be much more e�cient than the Davis-Putnam procedure imple-
mented on a general-purpose computer.

5 Implementation

In this section, we give a brief description of FPGAs. Then, we show how the
parallel-checking algorithm can be implemented on FPGAs, and report the cur-
rent status of our implementation.

5.1 Field Programmable Gate Arrays

An example of FPGA architecture is shown in Fig. 2. It consists of a two-
dimensional array of programmable logic blocks, with routing channels between

3 The required time for one clock is not constant, since the possible clock rate of a
logic circuit is determined by the delay of the logic circuit, and the delay is certainly
a�ected by the problem size n. However, the order would be much smaller than O(n),
i.e., at most O(log(n)).
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Fig. 1. Results for parallel-checking and Davis-Putnam procedure on hard random
3-SAT problems

these blocks. These logic blocks and interconnections are user-programmable by
rewriting static RAM cells. We use an FPGA hardware system called ZyCAD
RP2000 [16]. This system has 32 FPGA chips (each chip is a Xilinx XC4010),
and can implement a large-scale logic circuit by dividing it into multiple FPGA
chips. The equivalent gate count of a Xilinx XC4010 is about 8.0k to 10.0k.

5.2 Logic Circuit Con�guration

We show the con�guration of the logic circuit that implements the parallel-
checking algorithm in Fig. 3. The logic circuit consists of the following three
functional units.

1. Rule Checker
2. Next State Generator
3. Next Unit Generator

In the Rule Checker, the condition and the backtrack-position of each digit are
calculated from the current state and the unit values in parallel. The Next State
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Fig. 2. General architecture of FPGA

Generator �rst calculates max, i.e., the digit that must be incremented, using
the outputs of the Rule Checker. Then, the Next State Generator calculates the
next state by incrementing the digit of max. The value of each lower digit is
determined by its condition and backtrack-position. The Next Unit Generator
calculates the unit values in the next state, using the outputs of the Rule Checker
and max. These calculated values (the next state and next unit values) are used
as feedback and stored in registers.

5.3 Logic Circuit Synthesis

A logic circuit that solves a speci�c SAT problem is synthesized by the following
procedure (Fig. 4). First, a text �le that describes a SAT problem is analyzed by
an SFL generator written in the C language. This program generates a behavioral
description speci�c to the given problem with an HDL called SFL. Then, a CAD
system analyzes the description and synthesizes a netlist, which describes the
logic circuit structure. We use a system called PARTHENON [2], [11], which was
developed at NTT. PARTHENON is a highly practical system that integrates a
description language, simulator, and logic synthesizer. Furthermore, the FPGA
Mapper of the Zycad system generates FPGA mapping data for RP2000 from
the netlist.
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5.4 Current Implementation Status

We have developed an SFL generator which generates a description of the logic
circuit that implements the parallel-checking algorithm. By using this program,
we have successfully implemented a hard random 3-SAT problem with 128 vari-
ables and 550 clauses using our current hardware resources. This logic circuit
is capable of running at the clock rates of at least 1MHz, which is the max-
imal setting of the clock generator we are currently using. Therefore, we can
assume that it is capable of running at higher clock rates. The logic circuit for
a 128-variable problem �ts in the current hardware resources. Since the number
of FPGA chips in this system can be increased up to 64 (twice as many as the
current con�guration) and the mapping quality can stand further improvement,
we could possibly implement much larger problems, e.g., a problem with 300
variables, without any trouble4. We are increasing our hardware resources and
trying to implement much larger problems.

Currently, generating a logic circuit from a problem description takes a few
hours. This is because we are using general-purpose synthesis routines. These
routines can be highly optimized for SAT problems since many parts in a logic
circuit are common in all problem instances. The required time for generating a
logic circuit could be reduced to at most several ten minutes.

6 Discussions

Recently, several improved versions of the Davis-Putnam procedure have been
developed [4], [6], [7]. These algorithms use various sophisticated variable/value
ordering heuristics. How good is the parallel-checking algorithm compared with
these algorithms? Unfortunately, these algorithms aim to �nd only one solution,
and various procedures for simplifying formulas, such as removing variable values
that do not a�ect the satis�ability of the problem, are introduced. Therefore,
the evaluation results of these algorithms can not be compared directly with the
results of the parallel-checking algorithm. It is not very straightforward to modify
these algorithms so that they can �nd all solutions. In our future works, we are
going to examine these algorithms carefully, modify them so that they can �nd
all solutions, and compare the modi�ed algorithms with the parallel-checking
algorithm. Furthermore, we are going to examine the possibility of introducing
the heuristics used in these algorithms into the parallel-checking algorithm.

7 Conclusions and Future Works

This paper presented an initial report on solving SAT using FPGAs. In this
approach, a logic circuit speci�c to each problem instance is created on FPGAs.
This approach brings a new dimension to SAT algorithms since all constraints

4 Of course, the e�ciency of the parallel-checking algorithm must be improved in order
to solve such a large-scale problem within a reasonable amount of time.



can be checked in parallel using a logic circuit. We developed a new algorithm
called parallel-checking, which assigns all variable values simultaneously, and
checks all constraints concurrently. Simulation results showed that the order of
the search tree size in the parallel-checking algorithm is approximately the same
as that in the Davis-Putnam procedure, which is widely used as a complete
algorithm for solving SAT problems. We have implemented a hard random 3-
SAT problem with 128 variables, and run the logic circuit at clock rates of about
1MHz, i.e., it can check one million states per second. Currently, we are increasing
our hardware resources so that much larger problems can be implemented. We
are going to perform various evaluations on implemented logic circuits.

Our future works include comparing this approach to recently developed
algorithms [4], [6], [7] that improve the Davis-Putnam procedure, and introduc-
ing the heuristics used in these algorithms into the parallel-checking algorithm.
Furthermore, we are going to implement iterative improvement algorithms for
solving SAT [12], [15] on FPGAs.
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